Abstract. We give a diagrammatic calculus for the intertwiners between permutation supermodules over the Sergeev superalgebra. We also give a diagrammatic basis for the space of intertwiners between two permutation supermodules.
Introduction
This paper may be thought of as a companion to the author's recent work with Kujawa on webs of type Q [BKu] . In that paper, the authors generalized the sl n -webs of Kuperberg [Ku] to give a combinatorial model of a category of modules over q n , the Lie superalgebra of type Q. The starting point was a pair of mutually centralizing actions (in that case between q m and q n ), which, since Cautis-Kamnitzer-Morrison's groundbreaking work in 2014 [CKM] , are known to lead to diagrammatic presentations of certain module categories. See [RT, QS, ST, TVW] for other recent examples of webs in representation theory.
In the present work, we apply similar techniques to the mutually centralizing actions arising in the Schur-Weyl-Sergeev duality [Se85] between q n and the Sergeev superalgebra H c (r) (known elsewhere as the Hecke-Clifford superalgebra). This time, the module category being described consists of the permutation supermodules M λ of H c (r), for λ a composition of r. Notably, the combinatorial model used here is a "submodel" of that appearing in [BKu] ; we will make this precise shortly.
1.1. Webs of type Q. Let us briefly recall some of the combinatorics developed in [BKu] . The reader is referred there for further details.
Let a = (a 1 , . . . , a m ) and b = (b 1 , . . . , b n ) be finite sequences of positive integers such that |a| := m i=1 a i and |b| := n i=1 b i are equal. A(n unoriented) web of type Q from a → b is a kind of decorated, trivalent graph, with lower boundary labeled by a and upper boundary labeled by b. For example, the following is a web from (4, 9, 6, 7) → (6, 5, 1, 4, 8, 2): In [BKu] , the arrowheads were necessary to distinguish between a module and its dual. While there is no such need in this paper (i.e. all arrowheads will be upward-oriented), we leave them in place for consistency, as well as to remind the reader of our chosen convention to read webs from bottom to top. Under this convention, each vertex of the above web consists of either a merge of two edges into one, or a split of one edge into two. Thinking of the numerical labels as indicating Date: February 13, 2018 . 2010 Mathematics Subject Classification. 05E10, 16G99.
1 the "thickness" of an edge, one sees that merges and splits preserve thickness. Finally, on some edges lie one or more circular dots, which leave thicknesses unchanged.
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We are justified in referring to |a| = |b| as the total thickness of a web from a → b, e.g. the above web has total thickness 26. We put a Z 2 -grading on webs by declaring the parity of a web to be the number of dots modulo 2.
Let C be the field of complex numbers. The category q-Web ↑ has as objects all finite sequences of positive integers. The morphism space Hom q-Web ↑ (a, b) is the Z 2 -graded C-vector space spanned by equivalence classes of webs of type Q from a → b modulo certain relations, where we declare Hom q-Web ↑ (a, b) = 0 if |a| = |b|. Composition is given by vertical concatenation of webs, i.e. for webs w 1 , w 2 we have
We declare w 1 •w 2 = 0 if the lower boundary of w 1 and the upper boundary of w 2 are different. There is also a tensor product structure on q-Web ↑ , given, roughly speaking, by horizontal concatenation. Ultimately, q-Web ↑ forms a monoidal supercategory in the sense of Brundan-Ellis [BE] .
1.2. From categories to algebras. One of the main results of [BKu] (Theorem 7.1) is that a certain quotient of q-Web ↑ is monoidally superequivalent to the full subcategory of q n -supermodules tensor-generated by the supersymmetric powers S k (C n|n ) of the natural q n -supermodule C n|n , k ≥ 0.
2 In particular, the functor maps an object a = (a 1 , . . . , a m ) to the tensor product
In this paper, we fix r > 0 and consider the full subcategory of q-Web ↑ whose objects are all sequences a with |a| = r (whence "submodel"). The tensor product operation of q-Web ↑ does not restrict to this subcategory, and as such we dispense with the categorical setting of categories and functors in favor of the algebraic setting of algebras and homomorphisms. Namely, we view the aforementioned subcategory as the superalgebra
with multiplication given by composition of morphisms. In Section 4 we give a presentation of W by generators and relations.
1.3. Sergeev algebra and permutation supermodules. The Sergeev superalgebra H = H c (r) is isomorphic as a vector space to C r ⊗ CS r , where C r is the Clifford superalgebra of rank r and CS r is the symmetric group algebra on r letters. The relations are such that both C r and CS r are subalgebras. See Definition 3.3 for the Z 2 -grading on H c (r) and other details.
The discovery of H is due to Sergeev [Se85] , who established the existence of mutually centralizing actions between H and the Lie superalgebra q n on the r-fold tensor product (C n|n ) ⊗r . This result is now known as Schur-Weyl-Sergeev duality. On the other hand, it is now known (see e.g. [BKl, Corollary 3.5] ) that H is Morita superequivalent to the twisted group algebra T r of S r . The latter arises in the study of projective representations of S r , i.e. homomorphisms from S r into a projective general linear group. The Morita superequivalence implies that studying ordinary 1 As arrowheads and thicknesses are simply labels, there is no significance in their exact locations relative to each other or to merges, splits, and dots.
2 The categories also admit symmetric braidings, and the equivalence extends to them.
representations of H is equivalent to studying projective representations of S r , giving us extra incentive to understand the representation theory of H . Let λ be a composition of r, i.e. a finite sequence λ = (λ 1 , . . . , λ n ) of nonnegative integers with |λ| = r. Associated to λ is the Young subgroup S λ := S λ 1 × · · · × S λn ⊆ S r . The permutation supermodule of shape λ is the left H -supermodule
where Triv λ is the trivial S λ -module. To the author's knowledge, these modules first appeared in [Se99] ; they have since appeared in, for example, [DW2, WW] . In Section 3.3 we give an alternative, but isomorphic, definition of M λ .
The permutation modules of CS r , i.e. the left CS r -modules of the form CS r ⊗ CS λ Triv λ , are ubiquitous in the literature, as they were used by Specht to construct the irreducible representations of S r in characteristic zero [Sp] . As is well known, they admit a combinatorial interpretation as the span of of all tabloids of shape λ. We extend this idea to M λ by defining super tabloids of shape λ (Definition 3.5), and showing that their span has the structure of an H -supermodule isomorphic to M λ . The idea of "supertableaux" with entries coming from a signed alphabet is not new, however; see for example [BR, CPT, H, LNS, Mu, St] .
1.4. Main results. This paper has two main results. The first is Theorem 5.2, and consists of an isomorphism of superalgebras
Here Λ ′ (r) is a certain proper subset of the set of all compositions of r, although every isomorphism class of permutation supermodule has at least one representative in Λ ′ (r). Moreover, ψ induces superspace isomorphisms
with the property that ψ a,c (g
. Now the entries of a and b, i.e. the lower and upper boundaries of webs from a → b, correspond to the rows of supertabloids. This affords a combinatorial description of the H -morphisms 3 between permutation supermodules. At its core, Theorem 5.2 is a synthesis of two basic observations. The first is that the superalgebra S c (n, r) := End H ((C n|n ) ⊗r ), the Schur superalgebra of type Q, is isomorphic to both a quotient of U (q n ), the universal enveloping algebra of q n (by Schur-Weyl-Sergeev duality), and to an endomorphism algebra of a sum of permutation supermodules much like the target of ψ (by an easy computation). This object was studied by Brundan-Kleshchev [BKl] , and has been presented by generators and relations as a quotient of U (q n ) by using ideas that go back to Doty-Giaquinto in type A [DG] . The second observation is that an idempotented presentation of S c (n, r) [DW1, Theorem 4.10], viewing it as a quotient of the idempotented versionU (q n ) of U (q n ), can be translated into webs of type Q by drawing the Chevalley generators as certain webs called ladders. This is one of the key ideas in [CKM] . The definition of the category q-Web ↑ comes from a translation ofU (q n ) (for all n) into ladders, which is precisely the reason the web calculus here is the same as the one in [BKu] .
The second main result is Corollary 5.5, which identifies bases for the spaces Hom H (M λ , M µ ) in terms of webs. The strategy is to first produce bases of the morphism spaces Hom q-Web ↑ (a, b) and then apply ψ a,b . The basis of Hom H (M λ , M µ ) thus obtained is the type Q analog of that in type A indexed by (S µ , S λ )-double cosets of S r (e.g. [J, Theorem 13.19] and [Ma, Theorem 4.7] For a superalgebra A, we shorten "homomorphism of A-supermodules" to "A-morphism".
, their basis specializes when q = 1 to give a basis of Hom Hc(r) (M λ , M µ ). We emphasize therefore that the novelty in Corollary 5.5 is that the basis is given diagrammatically.
1.5. Organization. The paper is organized as follows. In Section 2 we provide a brief review of some background information on representations of superalgebras. Section 3 introduces the algebraic (as opposed to diagrammatic) players, namely S c (n, r), H c (r), and the permutation supermodules M λ , including their definition in terms of λ-supertabloids. In Section 4 we define the web superalgebra W in terms of generators and relations, and derive a number of consequences needed for the main theorems involving special webs called clasp idempotents and Sergeev diagrams. Finally in Section 5 we state and prove the main theorems.
1.6. Future work. In type A, there is a basis of the Iwahori-Hecke algebra, the Murphy basis, which can be "lifted" to obtain a basis of the q-Schur algebra. This was first observed by Du-Scott [DS] , and was done for the cyclotomic q-Schur algebra by Dipper-James-Mathas [DJM] (see also [Ma, §3] ). Notably, all of these bases are cellular in the sense of Graham-Lehrer [GL] , and those of the Schur algebras are indexed by pairs of certain tableaux (e.g. semistandard). It would be interesting to investigate whether a Z 2 -graded analog of this phenomenon exists for H c (r) and S c (n, r), and if so, whether webs of type Q prove helpful toward its discovery.
Finally, one could work out q-analogs of the results in this paper for H c,q (r) and its permutation supermodules. Davidson, Kujawa, and the author are currently investigating q-analogs of webs of type Q [BDK] , which would lead to such results in the same way that [BKu] lead to the present paper.
1.7. Conventions. All vector spaces are over the field C of complex numbers. 
Preliminaries
In this section, we briefly touch on some topics needed for the main body of the paper.
2.1. Background on superalgebra. This subsection includes a review of basic superalgebra. The reader is referred to [CW, Kl] for more information.
Let Z 2 = {0,1} be the field with two elements. A superspace is a Z 2 -graded vector space V = V0 ⊕ V1. Elements of V0 (resp. V1) are said to have parity0 or, equivalently, to be even (resp. parity1 or odd). Given a homogeneous element v ∈ V , we write |v| ∈ Z 2 for the parity of v.
The space Hom(V, W ) of linear maps between superspaces V, W is a superspace via the Z 2 -grading given by |f | = i if f (V j ) ⊆ W i+j for j ∈ Z 2 . For this reason, elements of Hom(V, W )0 (resp. Hom(V, W )1) are called parity-preserving (resp. parity-reversing). The tensor product V ⊗ W is also a superspace, via the Z 2 -grading given by v ⊗ w = v + w for homogeneous v ∈ V, w ∈ W.
A superalgebra is a Z 2 -graded associative algebra A = A0 ⊕ A1, and a homomorphism of superalgebras is a parity-preserving algebra homomorphism. A supermodule over a superalgebra A consists of a superspace V and a parity-preserving algebra homomorphism A → End(V ).
2.2. Locally unital superalgebras. Many of the superalgebras A in this paper are locally unital in the sense of [BD] . This means A has a system (1 x ) x∈X of pairwise orthogonal idempotents such that
Further, we say a superalgebra homomorphism φ : A → B is locally unital if A and B are locally unital superalgebras and φ takes distinguished idempotents to distinguished idempotents. In that case one has linear maps
2.3. Compositions of r. The permutation supermodules M λ of H are indexed by compositions of r : tuples λ = (λ 1 , . . . , λ n ) of nonnegative integers summing to r. We denote by Λ(n, r) the set of compositions of r with n entries. For λ ∈ Λ(n, r), let l(λ) be the position of the last nonzero entry of λ, i.e. the smallest positive integer such that λ i = 0 if i > l(λ). For example, λ = (7, 0, 1, 6, 4, 0, 0) is an element of Λ(7, 18) with l(λ) = 5. Throughout the paper, we denote by ω = ω r the composition (1, . . . , 1) ∈ Λ(r, r).
Sergeev superalgebra and permutation supermodules
In this section, we recall the Sergeev superalgebra and its permutation supermodules. We also review the Schur superalgebra of type Q, which we will use to define the permutation supermodules and, later, to connect morphisms to webs.
3.1. Schur superalgebra of type Q. We now recall the Schur superalgebra of type Q, S c (n, r).
where the 1 is in the i th spot. Expressions of the form λ ± α i for λ ∈ Λ(n, r) refer to component-wise addition. We give an idempotented presentation which is slightly different, but immediately deducible, from [DW1, Theorem 4.10].
Definition 3.1. The Schur superalgebra of type Q is the associative unital superalgebra S c (n, r) generated by the even elements 1 λ , e i , f i and odd elements eī, fī, hj for λ ∈ Λ(n, r), 1 ≤ i ≤ n − 1, and 1 ≤ j ≤ n, subject to the relations
where we denote by e
It is clear from the definition that S c (n, r) admits the superspace decomposition
and is locally unital with distinguished idempotents (1 λ ) λ∈Λ(n,r) . We will be especially interested in the case of n = r, for which we define the shorthand S c (r) := S c (r, r), Λ(r) := Λ(r, r).
Let Λ ′ (n, r) be the subset of Λ(n, r) consisting of compositions λ whose only zeros are trailing, i.e. for 1
For the sake of streamlining the combinatorics of webs, it will be convenient to truncate S c (r) along Λ ′ (r), hence the following definition.
Definition 3.2. We define the superalgebra S ′ c (r) to be
It is locally unital with distinguished idempotents (1 λ ) λ∈Λ ′ (r) .
Note that while we have a canonical surjection S c (r) ։ S ′ c (r) and injection S ′ c (r) ֒→ S c (r), the latter does not preserve the identity.
3.2. Sergeev superalgebra.
Definition 3.3. The Sergeev superalgebra of rank r is the associative unital superalgebra H = H c (r) generated by the even elements s 1 , . . . , s r−1 and odd elements c 1 , . . . , c r , subject to the relations c
for admissible i, j.
There are two important subsuperalgebras of H , namely the Clifford superalgebra C r , generated by c 1 , . . . , c r , and the symmetric group algebra CS r , generated by s 1 , . . . , s r−1 . It is well known (e.g. [Kl, §13] ) that H admits the basis
. . , a r ∈ {0, 1}, σ ∈ S r }, which we will refer to as the standard basis. We have the canonical embeddings H c (k) ֒→ H c (r) for k < r given by sending the generators of H c (k) to those of H c (r) with the same names.
3.3. Permutation supermodules. We now use supercommuting actions of S c (n, r) and H on the r-fold tensor product (C n|n ) ⊗r to define the permutation supermodules of H .
Define the sets I(n|0) = {1, . . . , n}, I(0|n) = {1, . . . ,n}, I(n|n) = I(n|0) ⊔ I(0|n).
There is an involution on I(n|n) interchanging I(n|0) and I(0|n) given by barring every element, where we declare that bars cancel each other in pairs, e.g.5 = 5. For i ∈ I(n|n) we define i ∈ I(n|0) to be the unbarred version of i, e.g. 5 =5 = 5, and |i| ∈ Z 2 to be0 if and only if i ∈ I(n|0). Let V = C n|n , i.e. the superspace C n ⊕ C n . We fix a homogeneous basis {v 1 , . . . , v n , v1, . . . , vn} of V where |v i | = |i|. In turn, we have a monomial basis
For λ ∈ Λ(n, r), we define V ⊗r λ = (V ⊗r ) λ to be the subsuperspace of V ⊗r spanned by the monomials v i with the property that for 1 ≤ k ≤ n, the number of tensorands v i j with i j = k is λ k . Clearly, V ⊗r = λ∈Λ(n,r) V ⊗r λ . The action of S c (n, r) on V ⊗r is given as follows. For λ ∈ Λ(n, r), 1 λ projects V ⊗r onto V ⊗r λ , and for x ∈ {e i , f i , eī, fī, hj | 1 ≤ i ≤ n − 1, 1 ≤ j ≤ n} the action of x on a monomial v i 1 ⊗ · · · ⊗ v ir is given by
The action of H on V ⊗r is given as follows. Let P be the odd automorphism of V given by P (v i ) = (−1) |i| √ −1vī for i ∈ I(n|n). Then the action of H is given by
It is easily checked that the actions of S c (n, r) and H on V ⊗r supercommute. There are several consequences of this. First, it implies that V ⊗r λ is an H -supermodule for λ ∈ Λ(n, r), which we call the permutation supermodule of shape λ and denote
It also means we have a homomorphism
which, by combining [Se85, Theorem 3] and [DW1, Theorem 4.10] , is known to be an isomorphism. Further, using the decomposition V ⊗r = λ∈Λ(n,r) M λ we have
The above constitutes a decomposition of End H (V ⊗r ) as a locally unital superalgebra with distinguished idempotents (φ n (1 λ )) λ∈Λ(n,r) . Summarizing:
Proposition 3.4. There exists a locally unital isomorphism
In particular, we have superspace isomorphisms
for λ, µ ∈ Λ(n, r).
3.4.
Supertabloids. There is also a combinatorial interpretation of M λ , which we now construct. Define the ordered alphabet D = {1 ′ < 1 < 2 ′ < 2 < 3 ′ < 3 · · · }. We say the elements 1 ′ , 2 ′ , 3 ′ , . . . are primed, and equip D with the Z 2 -grading given by |d| = 1 if and only if d is primed. There is a parity-reversing set involution on D given by priming every element, where we declare that
Definition 3.5. For λ ∈ Λ(n, r) and µ ∈ Λ(l, r), a λ-supertabloid of type µ is an arrangement T of r elements of D r into n rows, such that (1) for 1 ≤ i ≤ n, the i th row of T has λ i entries, and (2) for 1 ≤ j ≤ l, exactly µ j entries of T are elements of {j, j ′ }.
We declare two λ-supertabloids of type µ to be equal if they are identical up to permutations of the entries which stabilize the rows.
Below are four (2, 1, 3)-supertabloids of type ω, (4, 2), (1, 1, 1, 2, 1), and (1,3,2), respectively.
Let T (λ, µ) be the set of all λ-supertabloids of type µ. We put a Z 2 -grading on T (λ, µ) by defining |T | = |d|, summing over all entries d of T . As we will be especially interested in supertabloids of type ω, we define the shorthand T (λ) := T (λ, ω). Further, for T ∈ T (λ) and 1 ≤ i ≤ r, we call the unique entry d of T with d ∈ {i, i ′ } the i th entry of T and denote it T i .
There is a parity-preserving bijection between the monomial basis of M λ and T (λ). Indeed, we construct the supertabloid T ∈ T (λ) associated to v i ∈ M λ by placing a j (resp. a j ′ ) in row i j if i j ∈ I(n|0) (resp. if i j ∈ I(0|n)) for 1 ≤ j ≤ r. For example, the leftmost (2, 1, 3)-supertabloid above corresponds to v i = v 3 v 2 v 1 v 3 v 3 v 1 (omitting the ⊗ symbols).
We impose an H -supermodule structure on the superspace spanned by T (λ) by transporting the structure from M λ along the above bijection. First we need some notation. For λ ∈ Λ(n, r) and T ∈ T (λ), define T i↔i+1 and T j→j ′ to be the λ-supertabloids obtained from T by interchanging T i and T i+1 and by priming T j , respectively, for 1 ≤ i ≤ r − 1 and 1 ≤ j ≤ r. Then the following may be verified by direct calculation. Proposition 3.6. For λ ∈ Λ(n, r), M λ is isomorphic as an H -supermodule to the superspace spanned by T (λ) under the action
For example,
We conclude this section by highlighting two key examples of permutation supermodules, namely M ω and M (r) . The former is isomorphic to H itself. Indeed, there is an H -isomorphism H ∼ − → M ω given by mapping a standard basis element x = c a 1 1 · · · c ar r σ to x.T 0 where T 0 ∈ T (ω) is the supertabloid with entries 1, 2, . . . , r from top to bottom. Meanwhile M (r) , sometimes referred to as the basic spin supermodule, is isomorphic to C r when the latter is thought of as an H -supermodule via
is given by sending y = c a 1 1 · · · c ar r to y.T 1 where T 1 ∈ T ((r)) is the supertabloid with entries 1, 2, . . . , r. It is straightforward to see that both maps are isomorphisms of superspaces which preserve the actions of H .
Web superalgebra
In this section, we define a superalgebra W = W (r) whose elements are linear combinations of webs of type Q modulo certain relations. It will be shown later that W is isomorphic to S ′ c (r) (Theorem 5.2). 4.1. Definition of W . Recall from Section 1 that multiplication of webs is given by vertical concatenation, i.e. for webs w 1 , w 2 we have
We set w 1 w 2 = 0 if the edge labels along the bottom of w 1 do not match those along the top of w 2 , and refer to this statement as the compatibility condition. Each web will be homogeneous, and we have the superinterchange law
We will use the words "edge" and "strand" synonymously, and will refer to an edge labeled k as a "k-strand". Let A(r) be the set of tuples a = (a 1 , . . . , a m ) of positive integers with a 1 + · · · + a m = r, m ≥ 1. Then W is generated by the even elements called dots, for a ∈ A(r), m ≥ 1, 1 ≤ i ≤ m − 1, and 1 ≤ j ≤ m. We will more often use the word "merge" to refer only to the strands labeled a i , a i+1 , and a i + a i+1 in the picture above, and similarly for "split" and "dot". Abusing notation, we will refer to the identity corresponding to a ∈ A(r) simply as a. By the compatibility condition, (a) a∈A(r) is a family of pairwise orthogonal idempotents.
Remark 4.1. As a matter of convenience, some expressions later on may involve webs containing k-strands with k ≤ 0. For this we adopt the following conventions:
(1) we erase any 0-strands which have no dots, (2) we declare that any web containing a dot which lies on a 0-strand is zero, and (3) we declare that any web containing a k-strand with k < 0 is zero.
As dots are the only generators of odd parity, the parity of a web is the number of dots modulo 2. We also have the following relation, implied by the superinterchange law: any pair of disjoint generators, lying at adjacent heights in a single web, may exchange heights with no penalty except when both are dots, in which case we have
for k, l > 0. It will be convenient to draw horizontally adjacent dots as lying at the same height; we resolve the resulting ambiguity by declaring
To state the other relations of W , we introduce some shorthand. We define a ladder (with a single rung) to be a web which, ignoring its dots, is a product of a merge on top of a split, such that the left-hand edge of the split connects to right-hand edge of the merge or vise versa:
for j, k, l > 0. For convenience we did not draw the appropriate identity strands to left and right of either picture. More generally, we define a ladder to be any product of webs of this form, and refer to any horizontal edge of a ladder as a rung.
In addition to to the compatibility condition and superinterchange law, the generators of W are subject to relations (4.2)-(4.10) below for h, k, l > 0, along with the relations obtained by reflecting the webs in (4.5) about a vertical axis and reversing the orientations of the rungs in (4.9) and (4.10). Each is a local relation; that is, each should be interpreted as having the appropriate identity strands to its left and right. For example, (4.4) is really the statement 
We refer to (4.2) as associativity and (4.3) as explosion. It is clear from the definition that W admits the superspace decomposition W = a,b∈A(r) bW a and is locally unital with distinguished idempotents (a) a∈A(r) .
4.2. Additional relations. We now deduce some local relations in W which will be needed later. The first and perhaps most important is
for k > 0, where the dots indicate that the k-strand has been completely exploded into k separate 1-strands by repeatedly applying (4.3). By associativity, there is no ambiguity in the web on the right and we may draw it as it appears. Let a ω := (1, . . . , 1) ∈ A(r).
Lemma 4.2. For b, c ∈ A(r) we have parity-preserving linear maps
for w ∈ cW b and u ∈ a ω W a ω . Moreover, β is injective and θ is surjective.
Proof. By (4.11), θ • β is the identity on cW b up to a nonzero scalar, so β is injective and θ is surjective. For (4.13), we first prove the case of k = 2. We start by computing that Next, we compose (4.5) on bottom with followed by a split to get Combining the above with (4.14) and symmetry, we have (4.13) in case k = 2. For general k, we use (4.5) repeatedly to get
where the sum is over the k different webs with a dot on a unique 1-strand. By (4.2) and the k = 2 case, the summands are pairwise equal and we have, for example,
where, on the right, only the leftmost 1-strand has a dot. We finish the proof by computing that
and noting that the other side of (4.13) follows by symmetry. In addition, we have the local relations obtained by reversing all rung orientations 4 of the ladders in (4.17). We also have the local relations obtained from (4.19) and (4.20) by reversing all rung orientations, reflecting across the vertical line through the middle arrow, and both reversing and reflecting. Hence (4.19) and (4.20) each represent four local relations.
Proof. We sketch the proof and leave the details to the reader. The proof of (4.17) follows from (4.2) and (4.3). The proof of (4.18) is similar to [TVW, Lemma 2.10(b) ]. Its proof involves applications of (4.7) on the edges labeled l + 1 and k + 1 in the webs on the left, followed by two applications of (4.3) and the (4.6).
The proof of (4.19) and (4.20) are similar to [TVW, Lemma 2.10(c) ]. The former involves using (4.6) on the parallel ladder rungs in the middle web, followed by (4.2), Lemma 4.3(4.12), (4.7), and two applications of (4.3). The proof of the latter is similar, but it also requires (4.10).
Clasp idempotents.
Definition 4.5. For k > 0 we locally define the k th clasp to be
where the dots indicate k separate 1-strands. By (4.11), Cl k is idempotent.
Lemma 4.6. The following local relation holds in W for k > 1:
Proof. We start by computing that
4 Relabeling the tops of diagrams as needed to make a valid web.
Applying (4.11) to the (k − 1)-strand of the web on the left, and then the definition of Cl k−1 to both webs yields
which simplifies to the right side of the equation in the statement of the lemma.
Crossings and Sergeev diagrams.
Definition 4.7. We locally define the crossing of 1-strands to be Using this, we locally define for k, l > 0 the crossing of a k-and an l-strand to be
In this paper, we will only need to consider crossings with at least one of k or l equal to 1. Nevertheless, the above definition is justified by the next result. Recall from Lemma 4.2 the element a ω := (1, . . . , 1) ∈ A(r).
Proof. That the images of relations (3.2) hold in W can be verified by direct calculations using the relations of W , so we leave it to the reader. This implies ξ is a well-defined homomorphism.
To show ξ is surjective, we prove that every web u ∈ a ω W a ω can be expressed as a linear combination of products of ξ(s i ) + a ω and ξ(c j ) for various i, j. Indeed, (4.13) ensures that every dot in u lying on a strand with label greater than 1 can be moved onto a 1-strand. Next, for every merge in u we apply (4.11) to all three edges:
By associativity, the web enclosed by the dashed rectangle above is (k + l)! Cl k+l , which, after finitely many iterations of the recursion in Lemma 4.6, can be written in the desired form. Finally, repeating this process for every split in u finishes the proof.
We will show later that ξ is an isomorphism (Corollary 5.3). As such we will abuse notation and denote ξ(w) simply as w for w ∈ H . The same goes for w ∈ H c (k), k < r, which can be mapped into a ω W a ω by precomposing ξ with the canonical embedding H c (k) ֒→ H c (r). Further, we will refer to the images under ξ of elements of the standard basis of H as Sergeev diagrams. An example of a Sergeev diagram for r = 6 is (a) For 0 < k ≤ r, 25) plus the local relations obtained by reflecting both of the above about a vertical axis.
Proof. The proof of (a) is by induction on k and completely straightforward, so left to the reader. To prove (b), we first compute that The proof of the relation on the right is similar. For (c), we compute that
The proofs of the other relations are similar.
Main theorems
5.1. Equivalence of webs and H -morphisms. We turn now to the main results of the paper. First, a lemma. For a = (a 1 , . . . , a m ) ∈ A(r), m ≥ 1, let a ∈ Λ ′ (r) be given by a i = a i for 1 ≤ i ≤ m and a i = 0 for m + 1 ≤ i ≤ r.
Lemma 5.1. There exists a locally unital homomorphism π n : S c (n, r) → W given by
for λ ∈ Λ(n, r), 1 ≤ i ≤ n − 1, and 1 ≤ j ≤ n. Moreover π r : S c (r) → W is surjective, and remains surjective when restricting to S ′ c (r). Proof. First we note that the six pictures above make sense as webs in W because of our chosen conventions (see Remark 4.1). Moreover these assignments define π n on all of S c (n, r) by (3.1).
That π n is well-defined amounts to showing that the images of (S1)-(S6) hold in W . This is easily proved by direct calculations involving the defining relations of W , Lemma 4.3, and Lemma 4.4, so we leave it to the reader.
To show π r is surjective when restricting to S ′ c (r), we prove that each generator of W is the image of an element in S ′ c (r). Indeed, one can check that 
Theorem 5.2. There exists a locally unital isomorphism ψ : Next, one can check that the defining relations of W are the images under π r of certain cases of relations (S1)-(S6) of S c (r). By commutativity of (5.1), this implies the images under ψ of the defining relations of W hold in the endomorphism superalgebra, so ψ is well-defined. To show ψ aω,aω is bijective, we consider the homomorphism ψ aω,aω • ξ : H → End H (M ω ). From the H -isomorphism H ≃ M ω (see §3.3), we know elements of End H (M ω ) are completely determined by where they send T 0 , the ω-supertabloid with entries 1, 2, . . . , r from top to bottom. One can check that (ψ aω,aω • ξ)(s i )(T 0 ) = T 0 i↔i+1 , (ψ aω,aω • ξ)(c j )(T 0 ) = T 0 j→j ′ for 1 ≤ i ≤ r − 1 and 1 ≤ j ≤ r, from which it follows that ψ aω,aω • ξ is both injective and surjective. This implies ξ is injective and ψ aω,aω is surjective. Since ξ is surjective by Proposition 4.8 it is bijective, hence ψ aω,aω is bijective, completing the proof.
The last paragraph of the above proof also established the following.
Corollary 5.3. The homomorphism ξ : H → a ω W a ω is an isomorphism.
We now explicitly describe the H -morphisms which are the images under ψ of merges, splits, and dots. For λ ∈ Λ ′ (r), T ∈ T (λ), and 1 ≤ i ≤ l(λ)−1, we define merge i (T ) to be the supertabloid obtained by merging rows i and i + 1 of T . For 1 ≤ i ≤ l(λ) and k, l ∈ Z >0 with k + l = λ i , let split k, l i (T ) be the sum of all supertabloids which can be obtained by splitting row i of T into (on top) a row of length k and (on bottom) a row of length l. Recall also from Section 3.4 the notation T i↔i+1 and T j→j ′ for 1 ≤ i ≤ r − 1, 1 ≤ j ≤ r. Then one can check that 
